A Classification of Some Insoluble Varieties of Groups of Exponent Four  by Quick, Martyn
 .JOURNAL OF ALGEBRA 197, 342]371 1997
ARTICLE NO. JA977133
A Classification of Some Insoluble Varieties of Groups
of Exponent Four
Martyn Quick
Lady Margaret Hall, Oxford, OX2 6QA, United Kingdom
Communicated by Peter M. Neumann
Received March 20, 1997
We classify the subvarieties of the variety B l E of all 4-Engel groups of4 4
exponent 4 which contain the proper subvariety defined by M. Quick J. London
.Math. Soc., to appear , and from this we deduce a classification of all varieties of
groups of exponent 4 which contain this subvariety. We also use the first classifica-
tion to obtain a reduction for the finite basis problem for varieties of groups of
exponent 4. Q 1997 Academic Press
INTRODUCTION
w xThis paper continues the investigation begun in 7 . Let us define a
 .3-variable word l x, y, z by3
l x , y , z .3
2 2w x w x w xs y , x , x , x , z y , x , x , y , z , x y , x , x , z , x , z , z z , x , y , x , x
and let us denote by L the variety of groups defined by the laws3
4 w xx s 1, x , y , y , y , y s 1, and l s 1.3
w xThen L is the variety L which was constructed in Section 3 of 7 . In3
what follows, we examine those varieties of groups lying between the
variety of 4-Engel groups of exponent 4 and this proper subvariety L .3
Throughout we shall use the language of varieties of groups. We refer to
w xHanna Neumanns' book 4 for a description of this. A group G is said to
w xbe 4-Engel if it satisfies the law x, y, y, y, y s 1. We shall denote by E 4
w xthe variety of all 4-Engel groups. In 7 , it was shown that the subvariety
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B l E is a maximal proper subvariety of the Burnside variety B of all4 4 4
w xgroups of exponent 4. Using theorems due to S. J. Tobin 9 and to A. N.
w xKrasil'nikov 3 , it was observed that every variety of soluble groups of
exponent 4 has a finite basis for its laws. It follows that if there is a
subvariety of B which is not finitely based, then there is a subvariety of4
B l E which is not finitely based and, furthermore, such a subvariety4 4
does not consist only of soluble groups. In classifying the varieties of
groups between L and B l E , we are able to provide a further3 4 4
reduction for the finite basis problem for varieties of groups of exponent 4.
For our calculations, we shall make use of power-commutator presenta-
tions for some groups of exponent 4. These were obtained using a
computer implementation of the nilpotent quotient algorithm as described
w xin George Havas and M. F. Newman's paper 2 . With such an implemen-
tation it is straightforward to produce presentations for the Burnside
 .  .  .groups B 2, 4 , B 3, 4 , and B 4, 4 of exponent 4 on two, three, and four
generators, respectively. Generating sets for the 4-Engel verbal subgroups
w xof these groups can easily be found using the material in Section 1 of 7 .
Supplying a set of further relations corresponding to these generating sets
is all that is required to produce power-commutator presentations for the
relatively free 4-Engel groups of exponent 4 on three and four generators,
 .respectively. At some points, a presentation for B 5, 4 is used. To produce
this requires significantly more effort and a method is described in M. F.
w xNewman and E. A. O'Brien's paper 5 . For further assistance with the
type of calculation performed below, we refer the reader to Michael
w xVaughan-Lee's monograph 10 .
We extend our definition of the word l and the variety L , by33
 .defining, for n s 4, 5, . . . , the n-variable word l x , x , . . . , x by1 2 nn
l x , x , . . . , x s l x , x , x , x , . . . , x . .  .1 2 n 1 2 3 4 nn 3
Now for n s 4, 5, . . . , let us denote by L the variety of groups defined byn
the laws
4 w xx s 1, x , y , y , y , y s 1 and l s 1.n
Then we have the following chain of insoluble varieties of groups of
exponent 4:
L : L : L : ??? : L : ??? : B l E ; B .3 4 5 n 4 4 4
 .We define a 4-variable word k x , x , x , x by4 1 2 3 4
k x , x , x , x s l x x , x , x l x , x , x l x , x , x .  .  .  .4 1 2 3 4 1 2 3 4 1 3 4 2 3 43 3 3
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 .and, for n s 5, 6, . . . , we define an n-variable word k x , x , . . . , x byn 1 2 n
k x , x , . . . , x s k x , x , x , x , x , . . . , x . .  .n 1 2 n 4 1 2 3 4 5 n
 .Finally, for n s 4, 5, . . . , we define an n-variable word d x , x , . . . , xn 1 2 n
by
d x , x , . . . , x s k x , x , x , . . . , x k x , x , x , x , . . . , x .  .  .n 1 2 n n 1 2 3 n n 1 3 2 4 n
??? k x , x , x , x , . . . , x . .n 1 n 2 3 ny1
Thus d is a product of n y 1 copies of k each having the variablesn n
.slightly permuted. When n G 4 and n is even, we let D be the variety ofn
groups defined by the laws
4 w xx s 1, x , y , y , y , y s 1, and d s 1.n
We shall now give a survey of the layout of this paper and the results
that are proved. Section 1 contains general results concerning groups of
w xexponent 4 and a summary of the material from 7 which is used here.
Section 2 contains a detailed study of the behaviour of values of the words
l and k in a group of exponent 4. In particular, we establish manynn
identities which are then used in Section 3 to establish generating sets for
 .  .  .the verbal subgroup l H and the quotient group l H rl H ,n n nn ny1 n
 .where we write H for the n-generator relatively free group F B l E .n n 4 4
We calculate the action of certain automorphisms of H on these genera-n
 .tors and hence establish the structure of the verbal subgroup l Hnny1
under the action of the automorphism group of H . Using this, in the nextn
 .section we classify the verbal subgroups of F B l E which are con-` 4 4
  ..tained in l F B l E . Hence we establish our main result:` 4 43
THEOREM A. Any proper sub¨ariety of B l E which contains L is4 4 3
either equal to L for some n or is equal to D for some e¨en n.n n
The varieties in the conclusion of Theorem A form a chain which either
is finite, or is isomorphic as a lattice to the natural numbers N ordered in
the usual way.
From Theorem A, we quickly obtain a classification of all subvarieties of
B containing L and we prove:4 3
THEOREM B. Let V be any sub¨ariety of B containing L . Then either4 3
 .i V is a 4-Engel ¨ariety and then V equals one of B l E , or L4 4 n
for some n G 3, or D for some e¨en n G 4,n
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or
Ä .ii V is not 4-Engel and then V equals one of B , or L for some4 n
Än G 4, or D for some e¨en n G 6.n
Ä 4 ÄHere L is the variety defined by the laws x s 1 and l s 1, and Dn nn
4 w xis the variety defined by the laws x s 1 and d s 1. In 7 , we reducedn
the finite basis problem for varieties of groups of exponent 4 to whether
there is a subvariety of B l E which is not finitely based. Taking this4 4
into account, we also observe in Section 4 that Theorem A gives us a
further reduction of this problem, namely:
THEOREM C. If there exists a sub¨ariety of B which it not finitely based,4
then there is some sub¨ariety of L which is not finitely based.3
In our last section, we present a brief discussion concerning the possible
concurrences of the varieties in Theorem A.
1. PRELIMINARIES
In our work, we shall use the standard commutator identities
bw x w x w xab, c s a, c b , c ,
1.1 .
cw x w x w xa, bc s a, c a, b ,
which hold for all elements a, b, and c in any group. From these, the
formulae
ay1y1w x w xa , b s b , a ,
1.2 .
by1y1w x w xa, b s b , a
are quickly deduced. We shall also use the Witt identity
c aby1 y1 y1w x w x w xa, b , c b , c , a c, a , b s 1, 1.3 .
which holds in any group.
We now fix some notation which we use throughout the paper. As is
 .usual, we shall write B n, 4 for the n-generator Burnside group of
 .exponent 4. We write B `, 4 for the relatively free group of exponent 4 of
countably infinite rank. As above, we write H for the n-generatorn
 .relatively free 4-Engel group F B l E of exponent 4; that is, H is then 4 4 n
 .quotient of the Burnside group B n, 4 by its 4-Engel verbal subgroup.
 .Similarly, we define H s F B l E , the relatively free 4-Engel group` ` 4 4
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of exponent 4 on a countably infinite number of generators, and this is the
 .quotient of B `, 4 by its 4-Engel verbal subgroup. We shall always use
 .a , a , . . . to denote the free generators of B `, 4 and b , b , . . . to denote1 2 1 2
 .those of H . Correspondingly, a , a , . . . , a are the generators of B n, 4` 1 2 n
and b , b , . . . , b are those of H .1 2 n n
 4Consider a group G of exponent 4 generated by a set g , g , . . . , g of1 2 n
n elements. Let c be a commutator where each entry is either a generator
g or the square g 2 of a generator for some i. For i s 1, 2, . . . , n, we let vi i i
be the number of times that g occurs as an entry of c plus twice thei
number of times that g 2 occurs as an entry. The multiweight of c is theni
 .defined to be the sequence v , v , . . . , v . We shall use the following1 2 n
important lemma which is an extension of a similar result originally
w xestablished for left-normed commutators by C. R. B. Wright 11 . This is
w xLemma 6.3.20 in 10 :
LEMMA 1.1. Let c be a commutator in a group of exponent 4 and suppose
 .that c has multiweight v , v , . . . , v , where n G 3, v G 1 for i s1 2 n i
1, 2, . . . , n, and v G 4 for some j. Then c s 1.j
We shall use some information about the 4-Engel verbal subgroup of a
 .  .group of exponent 4. Let us define the words e x, y and f x, y, z by
w xe x , y s x , y , y , y , y , .
f x , y , z s e x , yz e x , y e x , z , .  .  .  .
w xas in the author's paper 7 . A power-commutator presentation for the
 .Burnside group B 2, 4 shows that the last nontrivial term in its lower
  ..  .central series, g B 2, 4 , is generated by values of e x, y . Hence, the5
 .   ..4-Engel verbal subgroup of B 2, 4 equals g B 2, 4 and it follows that5
the 2-generator relatively free 4-Engel group H of exponent 4 has2
w xnilpotency class 4. Work by N. D. Gupta and M. F. Newman 1 and Ju. P.
w x  .Razmyslov 8 shows that the n-generator Burnside group B n, 4 has
 .nilpotency class 3n y 2 for n G 3. Hence, g H s 1 for all n G 3.3ny1 n
w xWe recall from 7 the following result:
w x   ..THEOREM 1.2 7, Theorem 2 . The subgroup e B `, 4 is a minimal
 .¨erbal subgroup of B `, 4 .
A standard argument in the theory of varieties of groups then estab-
lishes the following corollary.
w xCOROLLARY 1.3 7, Corollary 3 . If there exists a sub¨ariety of B which4
is not finitely based, then there is some sub¨ariety of B l E which is not4 4
finitely based.
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w xThe work in Section 1 of 7 shows that if G is a group of exponent 4
 4which is generated by the set g , g , . . . , g , then the 4-Engel verbal1 2 n
 .subgroup e G is an elementary abelian 2-group and is generated by the
set
e g , g N 1 F i , j F n , i / j . 4i j
j f g , g , g N 1 F i , j - k F n , i / j . 1.4 .  . 4i j k
  .In the case when G is the Burnside group B n, 4 and g , g , . . . , g are1 2 n
 .the free generators, this is actually a basis for e G as a vector space over
.F . When we use this generating set to establish Theorem B in Section 4,2
we shall need to know how certain automorphisms of G act on it. We shall
w xuse the following equations, which are established in Section 1 of 7 :
e ab, c s e a, c e b , c , 1.5 .  .  .  .
f a, b , c s f a, c, b , 1.6 .  .  .
f a, b , cd s f a, b , c f a, b , d , 1.7 .  .  .  .
f a, b , b s 1, 1.8 .  .
f a, b , a s f a, a, b s e b , a . 1.9 .  .  .  .
These hold for all elements a, b, c, and d in a group of exponent 4.
 .Use of the above generating set for e G enables us to prove the
w xfollowing lemma, which appeared in the author's D. Phil. thesis 6 :
 .LEMMA 1.4. Let V be a sub¨ariety of B and let w x , x , . . . , x be an4 1 2 n
n-¨ ariable word which is a law in the sub¨ariety V l E . Suppose that n G 44
and that w takes the ¨alue 1 whene¨er we substitute the identity for one of the
¨ariables. Then w s 1 is a law in V.
 .Proof. Let G be the relatively free group F V on n generatorsn
g , g , . . . , g . Then as w s 1 is a law in V l E , we see that1 2 n 4
 .  .w g , g , . . . , g lies in the 4-Engel verbal subgroup e G . It follows that1 2 n
 .  .  .w g , g , . . . , g is a product of values of the form e g , g and f g , g , g1 2 n i j i j k
 .as listed in 1.4 and that these values commute with each other. Let us
first write
w g , g , . . . , g s c g , g , . . . , g c g , . . . , g , .  .  .1 2 n 0 1 2 n 1 2 n
 .  4where c is the product of the values e g , g , where 1 g i, j , and the0 i j
 .  4values f g , g , g , where 1 g i, j, k , and c is the product of the remain-i j k 1
ing values. Since G is a relatively free group, we may substitute 1 for g1
and deduce that
c g , . . . , g s 1. .1 2 n
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Hence,
w g , g , . . . , g s c g , g , . . . , g , .  .1 2 n 0 1 2 n
a product of values of e and f , each of which involves g . Repeating this1
 .argument for g , g , and g , we deduce that w g , g , . . . , g s 1 since e2 3 4 1 2 n
and f are words in at most three variables. Thus, w s 1 is a law in V.
We shall be manipulating many elements which have a form similar to
 .l b , b , b , . . . , b , b , . . . , b for 1 F i F n. Given a sequencei 1 2 iy1 iq1 nn
g , g , . . . , g of elements in a group, we shall use the notation1 2 k
g , g , . . . , g , . . . , gÃ1 2 j k
to denote the subsequence obtained by omitting the element g . Thus, wej
 .shall abbreviate the element l b , b , b , . . . , b , b , . . . , b to thei 1 2 iy1 iq1 nn
Ã .slightly more compact l b , b , b , . . . , b , . . . , b and similarly for morei 1 2 i nn
complicated expressions.
2. PROPERTIES OF THE WORDS l AND knn
The main purpose of this section is to establish various identities
concerning values of the words l and k in groups of exponent 4.nn
 .Working with a power-commutator presentation for B 4, 4 establishes the
following identities:
l a, bc2 , d s l a, b , d , 2.1 .  .  .3 3
l a, bc, d s l a, b , d l a, c, d l a, b , c, d , 2.2 .  .  .  .  .3 3 3 4
l ab2 , c, d s l a, c, d l b , a, c, d , 2.3 .  .  .  .3 3 4
2l a, b , c s 1, 2.4 .  .3
for any elements a, b, c, and d in a group of exponent 4.
LEMMA 2.1. Let n G 3 and let g , g , . . . , g , g and h be any elements in1 2 n
a group G of exponent 4. Then:
w xl g , g , . . . , g s g , g , g , g , g , g , g , . . . , g .1 2 n 2 1 1 1 3 4 5 nn
w x? g , g , g , g , g , g , g , g , . . . , g2 1 1 2 3 1 4 5 n
w x? g , g , g , g , g , g , g , g , g , . . . , g2 1 1 3 1 3 3 4 5 n
2 2? g , g , g , g , g , g , g , . . . , g ; 2.5 .3 1 2 1 1 4 5 n
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l g , g , . . . , g s 1 if g g G2 ; 2.6 .  .1 2 n 2n
l g , gh , g , . . . , g s l g , g , g , . . . , g l g , h , g , . . . , g .  .  .1 3 n 1 3 n 1 3 nn n n
? l g , g , h , g , . . . , g ; 2.7 .  .1 3 nnq1
l g h2 , g , g , . . . , g s l g , g , . . . , g l h , g , g , . . . , g ; .  . .1 2 3 n 1 2 n 1 2 nn n nq1
2.8 .
2l g , g , . . . , g s 1. 2.9 .  .1 2 nn
 .Proof. To establish eq. 2.5 , let us write p , q , r , and s , respectively,n n n n
for the four left-normed commutators which occur on the right-hand side.
 .We prove by induction that l g , g , . . . , g s p q r s for n G 3. The1 2 n n n n nn
case n s 3 follows by the definition of l , so let us suppose that n ) 33
and that
l g , g , . . . , g s p q r s . .1 2 ny1 ny1 ny1 ny1 ny1ny1
 .Then, by the standard commutator identities 1.1 , we have
l g , g , . . . , g s pqny 1 rny 1 sny 1 q rny 1 sny 1 r sny 1 s . .1 2 n n n n nn
Now p is a commutator with three entries equal to g . By Lemma 1.1, itn 1
therefore commutes with any commutator with an entry equal to g , in1
particular, with q , r , and s . Similar considerations apply to qny1 ny1 ny1 n
and r and son
l g , g , . . . , g s p q r s . .1 2 n n n n nn
 .This completes the inductive step and establishes eq. 2.5 .
 .Identity 2.1 immediately implies that
l c , c d2 , c , . . . , c s l c , c , c , . . . , c 2.10 .  . .1 2 3 n 1 2 3 nn n
for all elements c , c , . . . , c and d in a group of exponent 4. If g g G2,1 2 n 2
 .then repeated use of identity 2.10 gives
l g , g , . . . , g s l g , 1, g , . . . , g s 1, .  .1 2 n 1 3 nn n
 .which establishes 2.6 .
 .We establish the identity 2.7 by induction on n. The case n s 3 is dealt
 .  .with by identity 2.2 , so let us suppose that k ) 3 and that 2.7 holds for
the case n s k y 1. Then, using the inductive hypothesis and the commu-
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 .tator identities 1.1 ,
l g , gh , g , . . . , g .1 3 kk
s l g , g , g , . . . , g l g , h , g , . . . , g .  .1 3 ky1 1 3 ky1ky1 ky1
? l g , g , h , g , . . . , g , g .1 3 ky1 kk
 .  .l g , h , g , . . . , g l g , g , h , g , . . . , g1 3 ky1 1 3 ky1ky1 ks l g , g , g , . . . , g .1 3 kk
 .l g , g , h , g , . . . , g1 3 ky1k? l g , h , g , . . . , g l g , g , h , g , . . . , g . .  .1 3 k 1 3 kk kq1
 .  .Now by eq. 2.5 , l g , g, g , . . . , g is a product of four commutators1 3 kk
each having weight 3 in g . Hence, by Lemma 1.1, this element commutes1
with any commutator involving g . It therefore commutes with the ele-1
 .  .ments l g , h, g , . . . , g and l g , g, h, g , . . . , g . Similar con-1 3 ky1 1 3 ky1ky1 k
 .siderations apply to l g , h, g , . . . , g and so we have1 3 kk
l g , gh , g , . . . , g s l g , g , g , . . . , g l g , h , g , . . . , g .  .  .1 3 k 1 3 k 1 3 kk k k
? l g , g , h , g , . . . , g . .1 3 kkq1
 .This completes the induction and establishes 2.7 .
 .  .  .  .Identities 2.8 and 2.9 are deduced from identities 2.3 and 2.4 ,
respectively, by an almost identical method.
The observation used to deal with the conjugation that arose when
 .   .proving 2.7 will be used again, so we state it as a corollary of eq. 2.5
.and Lemma 1.1 .
COROLLARY 2.2. Let n G 3 and let g , g , . . . , g be elements in a group1 2 n
 .of exponent 4. Then the ¨alue l g , g , . . . , g commutes with any commu-1 2 nn
tator in¨ol¨ ing g .1
If we work with a power-commutator presentation for the relatively free
group H , we can establish that3
l b , b , b s l b , b , b , 2.11 .  .  .1 2 3 1 3 23 3
where b , b , and b are the free generators of H . Similarly, a power-1 2 3 3
commutator presentation for H gives4
l b , b , b , b s l b , b , b , b , 2.12 .  .  .1 2 3 4 1 2 4 34 4
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where b , b , b , and b are the free generators of H . These two1 2 3 4 4
equations form the starting point for establishing the following lemma
which will be extremely useful in our calculations.
LEMMA 2.3. Let n G 3, let h , h , . . . , h be elements in a 4-Engel group1 2 n
 4H of exponent 4 and let p be any permutation of 2, 3, . . . , n . Then
l h , h , h , . . . , h s l h , h , h , . . . , h . 2.13 .  .  .1 2p 3p np 1 2 3 nn n
 4Proof. The symmetric group on 2, 3, . . . , n is generated by the trans-
 .  .  .positions 2 3 , 3 4 , . . . , n y 1 n . Hence, it is sufficient to establish the
above equation for the cases when p is one of these permutations.
 .  .Equation 2.11 established in H implies that 2.13 holds for the case of3
n s 3.
We now proceed by induction on n. Let us assume that k G 4 and that
 .  4eq. 2.13 holds for any permutation p of 2, 3, . . . , n where 3 F n - k.
Since
l h , h , . . . , h s l h , h , . . . , h , h , .  .1 2 k 1 2 ky1 kk ky1
 .it follows from the inductive hypothesis that we need only check 2.13 for
 .  .the case p s k y 1 k . For k s 4 this is eq. 2.12 , so for the remainder of
the proof, we assume that k G 5. Then
l h , h , . . . , h , h , h .1 2 ky2 k ky1k
s l h , h , . . . , h , h , h .1 2 ky2 k ky1ky2
 .yl h , h , . . . ,h h1 2 ky2 kky2y1 y1s h , l h , h , . . . , h , h .ky1 1 2 ky2 kky2
yh hky 1 ky1 y1? h , h , l h , h , . . . , h , 2.14 .  .k ky1 1 2 ky2ky2
 .  .by the Witt identity 1.3 . Now by formulae 1.2 ,
y1h , l h , h , . . . , h .ky1 1 2 ky2ky2
y1 .l h , h , . . . ,h1 2 ky2ky2s l h , h , . . . , h , h .1 2 ky2 ky1ky2
 .y1l h , h , . . . ,h1 2 ky2ky2s l h , h , . . . , h .1 2 ky1ky1
s l h , h , . . . , h , .1 2 ky1ky1
 .by Corollary 2.2. Thus, using eq. 1.2 ,
y1y1 yhy1 kh , l h , h , . . . , h , h s l h , h , . . . , h .  .ky1 1 2 ky2 k 1 2 kky2 k
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 .and we see that the first factor in 2.14 is
y1  .h l h , h , . . . ,h hk 1 2 ky2 kky2l h , h , . . . , h .1 2 kk
 .  .l h , h , . . . ,h l h , h , . . . ,h , h1 2 ky2 1 2 ky2 kky2 ky1s l h , h , . . . , h .1 2 kk
s l h , h , . . . , h , .1 2 kk
by Corollary 2.2. Also
y1 y1h , h , l h , h , . . . , h .k ky1 1 2 ky2ky2
y1y1 y1s l h , h , . . . , h , h , h .1 2 ky2 k ky1ky2
y1y1 y1s l h , h , . . . , h , h , h , .1 2 ky2 k ky1ky1
which by inductive hypothesis equals
y1y1 y1l h , h , h , h , . . . , h . .1 k ky1 2 ky1ky1
 . w y1 y1 x 2This is trivial by eq. 2.6 since h , h lies in H . Thus returning tok ky1
 .eq. 2.14 , we have
l h , h , . . . , h , h , h s l h , h , . . . , h , .  .1 2 ky2 k ky1 1 2 kk k
 .as is required to complete the inductive step. Hence, 2.13 holds for all
 4permutations p of 2, 3, . . . , n .
We can now replace Corollary 2.2 by the following result:
COROLLARY 2.4. Let n G 3 and let g , g , . . . , g be elements in a1 2 n
 .4-Engel group H of exponent 4. Then the ¨alue l g , g , . . . , g commutes1 2 nn
with any element in H 2.
Proof. Let h g H 2. Then, using Lemma 2.3,
l g , g , . . . , g , h s l g , g , . . . , g , h .  .1 2 n 1 2 nn nq1
s l g , h , g , . . . , g , .1 2 nnq1
 .which is trivial by eq. 2.6 .
 . 2Since l H F H9 F H , for any 4-Engel group of exponent 4 we see3
 . that l H is an abelian group whose generators have order 2 by identity3
 ..2.4 . Thus we have:
COROLLARY 2.5. For any n G 3 and any 4-Engel group H of exponent 4,
 .l H is an elementary abelian 2-group.n
LEMMA 2.6. Let n G 2. Then l s 1 is a law in the relati¨ ely freenq1
group H .n
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 .  .Proof. We first show that if i ) n then l H F l H . Let us workn ni iq1
 .  .  .modulo the verbal subgroup l H . Then identities 2.7 and 2.8niq1
reduce respectively to the equations
l g , gh , g , . . . , g s l g , g , g , . . . , g l g , h , g , . . . , g , 2.15 .  .  .  .1 3 i 1 3 i 1 3 ii i i
l g h2 , g , . . . , g s l g , g , . . . , g , 2.16 .  . .1 2 i 1 2 ii i
 .modulo l H , for all elements g , g , . . . , g , g and h in H . Let usn 1 2 i niq1
suppose that g , g , . . . , g are arbitrary elements of H . If g g H 2, then1 2 i n 1 n
 .  .repeated applications of 2.16 show that l g , g , . . . , g s 1 modulo1 2 ii
 . 2 l H . On the other hand, if g does not lie in H which is the Frattinin 1 niq1
.subgroup of H there exists an automorphism f of H such thatn n
g f s b . Now1 1
l g , g , . . . , g f s l b , g f , . . . , g f , .  .1 2 i 1 2 ii i
 .which, by use of Lemma 2.3 and eq. 2.15 is a product of values of l ofi
the form
l b , b , b , . . . , b , .1 j j ji 2 3 i
where 1 F j , j , . . . , j F n. Since i ) n, we must have some b repeated in2 3 i j
 .every such value. As H has nilpotency class 4, we see that l a, a, b and2 3
 .l a, b, b are trivial for all elements a and b in a 4-Engel group of3
 .exponent 4. Hence, using Lemma 2.3, all values l b , b , b , . . . , b are1 j j ji 2 3 i
 .trivial modulo l H . Since f is an automorphism, it now follows thatniq1
 .  .  .  .l g , g , . . . , g g l H . This establishes that l H F l H for1 2 i n n ni iq1 i iq1
i ) n.
 .  .  .Now by 2.5 , we have l H F g H , so thatn 3ny1 n3ny1.
l H F l H F ??? F l H F g H s 1. .  .  .  .n n n 3ny1 nnq1 nq2 3ny1.
Hence, l s 1 is a law in H .nnq1
Let us write j for the automorphism of H defined byn
b b , for i s 1,1 2b j si  b , for i s 2, 3, . . . , ni
LEMMA 2.7. Let n G 3. Then
l b , b , b , . . . , b j s l b , b , b , . . . , b l b , b , b , . . . , b .  .  .1 2 3 n 1 2 3 n 2 1 3 nn n n
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and, for i / 1,
Ã Ãl b , b , b , . . . , b , . . . , b j s l b , b , b , . . . , b , . . . , b . .  .i 1 2 i n i 1 2 i nn n
Proof. Working with a power-commutator presentation for H estab-3
lishes that the following equations hold:
l b b , b , b s l b , b , b l b , b , b , .  .  .1 2 2 3 1 2 3 2 1 33 3 3
l b , b b , b s l b , b , b , .  .2 1 2 3 2 1 33 3
l b , b b , b s l b , b , b . .  .3 1 2 2 3 1 23 3
This establishes the lemma for the case n s 3. We now proceed by
induction on n as we did in Lemma 2.1, using the commutator identities
 .1.1 and Corollary 2.2.
Having established the basic properties of the word l which we shalln
use, let us turn our attention to the word k . Working with a power-com-n
 .mutator presentation for B 4, 4 shows that the identities
k b , a, c, d s k a, b , c, d l a, b , c, d l b , a, c, d , 2.17 .  .  .  .  .4 4 4 4
k b , c, a, d s k a, b , c, d k a, c, b , d l b , a, c, d 2.18 .  .  .  .  .4 4 4 4
hold for all elements a, b, c, and d in a group of exponent 4. Similarly, a
 .power-commutator presentation for B 5, 4 shows that
k ab, c, d, e s k a, c, d , e k b , c, d , e k a, c, b , d , e 2.19 .  .  .  .  .4 4 4 5
for all elements a, b, c, d, and e in a group of exponent 4.
LEMMA 2.8. Let n G 4 and let g , g , . . . , g , g and h be any elements in1 2 n
a 4-Engel group H of exponent 4. Then:
k g , g , . . . , g s l g g , g , . . . , g l g , g , . . . , g .  .  .n 1 2 n 1 2 3 n 1 3 nny1 ny1
? l g , g , . . . , g ; 2.20 .  .2 3 nny1
k gh , g , g , . . . , g s k g , g , g , . . . , g k h , g , g , . . . , g .  .  .n 2 3 n n 2 3 n n 2 3 n
? k g , g , h , g , . . . , g ; 2.21 .  .nq1 2 3 n
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k g , g , g , . . . , g s k g , g , g , . . . , g l g , g , g , . . . , g .  .  .n 2 1 3 n n 1 2 3 n 1 2 3 nn
? l g , g , g , . . . , g ; 2.22 .  .2 1 3 nn
k g , g , g , g , . . . , g s k g , g , g , g , . . . , g .  .n 2 3 1 4 n n 1 2 3 4 n
? k g , g , g , g , . . . , g .n 1 3 2 4 n
? l g , g , g , g , . . . , g . 2.23 .  .2 1 3 4 nn
Proof. These are all established by induction on n. The base steps are,
 .  .  .respectively, the definition of k , eqs. 2.19 , 2.17 , and 2.18 . For the4
 .inductive step we use the standard commutator identities 1.1 and the fact
 .  .that the verbal subgroup l H is abelian by Corollary 2.5 .ny1
 .Lemma 2.3 and eq. 2.20 now yield the following result:
LEMMA 2.9. Let n G 4, let h , h , . . . , h be elements in a 4-Engel group1 2 n
 4of exponent 4 and let p be any permutation of 3, 4, . . . , n . Then
k h , h , h , h , . . . , h s k h , h , h , h , . . . , h . .  .n 1 2 3p 4p np n 1 2 3 4 n
 .Using eq. 2.20 , we see that if n G 4 and g , g , . . . , g are elements1 2 ny1
in a 4-Engel group of exponent 4,
k g , g , g , g , . . . , g .n 1 2 2 3 ny1
s l g g , g , g , . . . , g l g , g , g , . . . , g , .  .1 2 2 3 ny1 1 2 3 ny1ny1 ny1
 :since l s 1 is a law in the group g , g , . . . , g by Lemma 2.6.2 3 ny1ny1
Hence, using Lemma 2.7, we deduce that
k g , g , g , g , . . . , g s l g , g , g , . . . , g . 2.24 .  .  .n 1 2 2 3 ny1 2 1 3 ny1ny1
This fact now gives us the following interesting result:
 4 w x 4LEMMA 2.10. Let n G 4. Then the set of words x , x, y, y, y, y , lny1
 4 w x 4and x , x, y, y, y, y , k are equi¨ alent.n
 .Proof. By eq. 2.20 in Lemma 2.8, k is a consequence of the set ofn
 4 w x 4  .words x , x, y, y, y, y , l . On the other hand, eq. 2.24 implies thatny1
4 w x 4l is a consequence of x , x, y, y, y, y , k .nny1
Recall the automorphism j of H defined earlier.n
LEMMA 2.11. Let n G 4. Then
k b , b , . . . , b j s k b , b , . . . , b l b , b , b , . . . , b .  .  .n 1 2 n n 1 2 n 2 1 3 nn
and, for i / 1,
Ã Ãk b , b , b , . . . , b , . . . , b j s k b , b , b , . . . , b , . . . , b .  .n 1 i 2 i n n 1 i 2 i n
? l b , b , . . . , b . .2 3 nny1
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 .Proof. Using eq. 2.20 , we have
k b , b , . . . , b j s k b b , b , . . . , b .  .n 1 2 n n 1 2 2 n
s l b b2 , b , . . . , b l b b , b , . . . , b . .1 2 3 n 1 2 3 nny1 ny1
? l b , b , . . . , b . .2 3 nny1
 .Now eq. 2.8 gives
l b b2 , b , . . . , b s l b , b , . . . , b l b , b , b , . . . , b . .  . .1 2 3 n 1 3 n 2 1 3 nny1 ny1 n
 .so using 2.20 again, we establish the first formula in the lemma.
 .For the second formula, we have, by eq. 2.21 ,
Ã Ãk b , b , b , . . . , b , . . . , b j s k b b , b , b , . . . , b , . . . , b .  .n 1 i 2 i n n 1 2 i 2 i n
Ãs k b , b , b , . . . , b , . . . , b .n 1 i 2 i n
Ã? k b , b , b , . . . , b , . . . , b .n 2 i 2 i n
Ã? k b , b , b , b , . . . , b , . . . , b . .nq1 1 i 2 2 i n
 .Now eq. 2.20 taken together with Lemma 2.6 implies that the third
 .element in this product is trivial. Using eq. 2.22 , we see that the second
element is
Ã Ãk b , b , b , b , . . . , b , . . . , b s k b , b , b , b , . . . , b , . . . , b , .  .n 2 i 2 3 i n n i 2 2 3 i n
 :since l s 1 is a law in b , b , . . . , b by Lemma 2.6. This element2 3 nn
Ã .  .equals l b , b , b , . . . , b , . . . , b by eq. 2.24 . An application of2 i 3 i nny1
Lemma 2.3 now establishes the required formula.
 .  .3. THE MODULE STRUCTURE OF l H rl Hn nny1 n
 .AND l Hnn
 .  .For the first part of this section we define L to be l H rl Hn n nny1 n
and we examine the structure of this quotient where n is a fixed integer
and n G 4. In order to do this, we first determine a generating set for this
quotient. We note that L is certainly an elementary abelian 2-group byn
 .  .Corollary 2.5 and eq. 2.9 . The verbal subgroup l H of the relativelynny1
free 4-Engel group of exponent 4 is generated by the values
l g , g , . . . , g .1 2 ny1ny1
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 .  .for g , g , . . . , g in H . Using eq. 2.7 , Lemma 2.3, and eqs. 2.20 and1 2 ny1 n
 .  .2.21 , we see that, modulo the verbal subgroup l H , such a value is ann
product of values of the form
l b , b , . . . , b and k b , b , . . . , b , .  .i i i n i i iny1 1 2 ny1 1 2 n
where 1 F i , i , . . . , i F n. Here we recall that b , b , . . . , b are the free1 2 n 1 2 n
generators of H . We can restrict this generating set further. As l s 1n ny1
is a law in H , the indices i , i , . . . , i must be distinct for a valueny2 1 2 ny1
 .l b , b , . . . , b to be nontrivial. Furthermore, Lemma 2.3 impliesi i iny1 1 2 ny1
that we can rearrange the indices i , i , . . . , i in any order. Thus, the2 3 ny1
 .element l b , b , . . . , b is completely determined by the index ii i i 1ny1 1 2 ny1
 4and the set of indices i , i , . . . , i .2 3 ny1
 .Similar considerations apply to the value k b , b , . . . , b . Use of eqs.n i i i1 2 n
 .  .  .2.8 , 2.9 and 2.20 together with Lemma 2.6 shows that if this value is
nontrivial and there is a repetition in the sequence i , i , . . . , i of indices,1 2 n
then it must be that one of the first two indices equals one of the
 .remaining n y 2 indices. Using eq. 2.22 and Lemma 2.9, we can assume
 .that in this case i s i . Eq. 2.24 says2 3
k b , b , b , b , . . . , b s l b , b , b , . . . , b , .  .n i i i i i i i i iny11 2 2 4 n 2 1 4 n
so such a value of k is already in our generating set. Therefore we needn
only add values of the form
k b , b , . . . , b , .n i i i1 2 n
 4  4  .where i , i , . . . , i s 1, 2, . . . , n , to our generating set for l H1 2 n nny1
 .  .  .modulo l H . Using Lemma 2.9 and eqs. 2.22 and 2.23 , we reducenn
this further by noting we can assume that i s 1 and that we can rearrange1
the indices i , i , . . . , i in any order.3 4 n
In summary, we see that, when viewed as a vector space over F , the2
quotient L has dimension at most n2 y 1, since it can be spanned by then
set
< <l i , j s 1, 2, . . . , n , i / j j k j s 2, 3, . . . , n 5 5 ji j
where l and k are those elements in the quotient L whose cosetj ni j
Ã Ã .representatives are l b , b , b , . . . , b , . . . , b , . . . , b andj 1 2 i j nny 1
Ã .k b , b , b , . . . , b , . . . , b , respectively.n 1 j 2 j n
 .  .Since l H and l H are verbal subgroups of H , the groupn n nny1 n
Aut H of automorphisms acts on the quotient group L . Now the sub-n n
group H 2 of H generated by all squares of elements in H is a fullyn n n
invariant subgroup and so we can consider the action of Aut H on then
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quotient group H rH 2 also. This quotient group is an elementary abeliann n
2-group with free generators b H 2, b H 2, . . . , b H 2, so it can be viewed1 n 2 n n n
as an n-dimensional vector space over F . The action of Aut H on2 n
2  .H rH thus gives rise to a homomorphism r : Aut H ª GL n, 2 . Nown n n
 .  .eqs. 2.8 and 2.10 together with Lemma 2.3 show that any automorphism
 .of H in the kernel of r fixes the element l b , b , . . . , b modulon i i iny1 1 2 ny1
 .l H . Similarly, we see that the same is true of the elementnn
 .k b , b , . . . , b . Hence, any automorphism in the kernel of r actsn i i i1 2 n
trivially on L . Thus, the action of Aut H on this group can be factoredn n
 .through r ; that is, this action induces an action of GL n, 2 on L .n
 .Extending the action linearly, we turn L into an F GL n, 2 -module.n 2
Since we shall be considering L as a module, for the rest of this sectionn
we shall write the group operation in this abelian group additively.
 .We now determine the action of GL n, 2 on L and to do this we needn
 . w xa generating set for GL n, 2 . We use a standard one as in 7 . Let V be
 4the natural vector space, with basis e , e , . . . , e over F , on which1 2 n 2
 .GL n, 2 acts.
 .LEMMA 3.1. The general linear group GL n, 2 is generated by the linear
 .transformations t and s for p g S defined as follows:p n
e q e , for i s 1,1 2e t si  e , for i s 2, 3, . . . , n;i
e s s e , for i s 1, 2, . . . , n.i p ip
The action of t on L is induced by the automorphism j of H definedn n
earlier, while the automorphism m given byp
b m s b ,i p ip
for i s 1, 2, . . . , n, induces the action of s . Hence, using Lemma 2.3, wep
see that
l s s lpi j ip , jp
for all i, j s 1, 2, . . . , n with i / j. For i / 1, 2, we see that j induces the
Ã :corresponding automorphism of b , b , . . . , b , . . . , b , as this group is1 2 i n
isomorphic to H . Lemma 2.7 then yields the action of t on the lny1 i j
when i / 1, 2:
l t s l q l ,i1 i1 i2
l t s l , for j / 1, i .i j i j
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 :For i s 1, we see that j induces the identity map on b , b , . . . , b , so2 3 n
we have
l t s l1 j 1 j
for j s 2, 3, . . . , n. It remains to deal with the case when i s 2. Then
l t s l b b , b , b , . . . , b l H .  .1 2 3 4 n n21 ny1 n
s l b , b , b , . . . , b l H q l b , b , b , . . . , b l H .  .  .  .1 3 4 n n 2 3 4 n nny1 n ny1 n
q k b , b , b , b , . . . , b l H .  .n 1 2 3 4 n nn
s l q l q k ,221 12
 .by use of eq. 2.20 , while for j s 3, 4, . . . , n,
Ãl t s l b , b b , b , . . . , b , . . . , b l H . /j 1 2 3 j n n2 j ny1 n
Ãs l b , b , b , . . . , b , . . . , b l H . /j 1 3 j n nny1 n
Ãq l b , b , b , . . . , b , . . . , b l H . /j 2 3 j n nny1 n
s l q l ,2 j 1 j
 .by use of eq. 2.7 .
 .We observe that we can further reduce the generating set for GL n, 2
given in Lemma 3.1. Since s s s s for all permutations p and pp p p p 1 21 2 1 2
in S , it is enough to take only the linear transformations s where then p
permutations p are from a generating set for S ; that is, taking p equal ton
 .  .1 2 and to 1 2 . . . n will be sufficient. Using this we can establish the
 .  .action of GL n, 2 on the elements k . For the case p s 1 2 , we havej
k s s k b , b , b , . . . , b l H .  .2 1 2. n 2 1 3 n nn
s k b , b , b , . . . , b l H .  .n 1 2 3 n nn
s k ,2
 .by eq. 2.22 , while for j G 3,
Ãk s s k b , b , b , b , . . . , b , . . . , b l H . /j 1 2. n 2 j 1 3 j n nn
Ãs k b , b , b , b , . . . , b , . . . , b l H . /n 1 2 j 3 j n nn
Ãq k b , b , b , b , . . . , b , . . . , b l H . /n 1 j 2 3 j n nn
s k q k ,2 j
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 .  .by eq. 2.23 and Lemma 2.9. For the case p s 1 2 . . . n , we have
k s s k b , b , b , . . . , b l H .  .n 1 2. . . n. n 2 1 3 n nn
s k b , b , b , . . . , b l H .  .n 1 2 3 n nn
s k ,2
 .by eq. 2.22 , while for j s 2, 3, . . . , n y 1,
Ãk s s k b , b , b , . . . , b , . . . , b , b l H . /j 1 2. . . n. n 2 jq1 3 jq1 n 1 nn
Ãs k b , b , b , b , . . . , b , . . . , b l H . /n 2 jq1 1 3 jq1 n nn
Ãs k b , b , b , b , . . . , b , . . . , b l H . /n 1 2 jq1 3 jq1 n nn
Ãq k b , b , b , b , . . . , b , . . . , b l H . /n 1 jq1 2 3 jq1 n nn
s k q k ,2 jq1
 .by Lemma 2.9 and eq. 2.23 . The action of t on k , k , . . . , k follows2 3 n
from Lemma 2.11 and so we see that
k t s k ,2 2
k t s k q l , for j s 3, 4, . . . , n.j j 12
We summarize the above calculations in the following lemma.
 .LEMMA 3.2. The action of GL n, 2 on the module L is gi¨ en by then
following formulae:
l t s l , for j s 2, 3, . . . , n;1 j 1 j
l t s l q l q k ;221 12 21
l t s l q l , for j s 3, 4, . . . , n;2 j 1 j 2 j
l t s l q l , for i s 3, 4, . . . , n;i1 i1 i2
l t s l , for i s 3, 4, . . . , n and j / 1, i;i j i j
k t s k ;2 2
k t s k q l , for j s 3, 4, . . . , n;j j 12
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l s s l , for i , j s 1, 2, . . . , n with i / j and p g S ;p ni j ip , jp
k s s k ;2 1 2. n
k s s k q k , for j s 3, 4, . . . , n;j 1 2. 2 j
k s s k q k , for j s 2, 3, . . . , n y 1;j 1 2. . . n. 2 jq1
k s s k .n 1 2. . . n. 2
 4Recall the vector space V of dimension n, with basis e , e , . . . , e over1 2 n
 .F , on which GL n, 2 acts. Let X denote the space of all linear transfor-2 n
mations of V which have trace zero. Then dim X s n2 y 1, as we have an
 .basis consisting of the elements x for i, j s 1, 2, . . . , n with i / j and yi j j
 .for j s 2, 3, . . . , n given by
x : e ¬ e , e ¬ 0, for k / i ,i j i j k
y : e ¬ e , e ¬ e , e ¬ 0, for l / 1, j.j 1 1 j j l
 y1 .  .Since tr g ag s tr a for all g g GL n, 2 and a g End V, we see that
 .GL n, 2 acts on X via conjugation:n
g : a ¬ gy1ag
 .for all a g X . It is straightforward to calculate the action of GL n, 2 onn
the basis elements of X and, comparing this with Lemma 3.2, we deducen
that the linear map X ª L defined byn n
x ¬ l for i , j s 1, 2, . . . , n with i / j,i j i j
y ¬ k , for j s 3, 4, . . . , n ,j j
 .is a surjective F GL n, 2 -module homomorphism. We now need to estab-2
 .lish the structure of X as an F GL n, 2 -module. This appears to ben 2
representation theoretic folklore, yet I am unable to find a direct refer-
ence. On the other hand, an elementary yet lengthy proof, which we
accordingly omit, establishes the following result:
 .LEMMA 3.3. If n is odd, X is an irreducible F GL n, 2 -module. If n isn 2
e¨en X has a unique nonzero proper submodule, namely, the submodulen
Y consisting of the scalar transformations; that is, Y s Span y q yn n 2 3
4q ??? qy .n
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Since L is a homomorphic image of the module X , this result nown n
gives:
 .PROPOSITION 3.4. i If n is odd, either L s 0, or L has dimensionn n
2  .n y 1 and is irreducible as an F GL n, 2 -module.2
 . 2ii If n is e¨en, either L s 0, or L has dimension n y 2 and isn n
 . 2irreducible as an F GL n, 2 -module, or L has dimension n y 1 and has a2 n
unique nonzero proper submodule, this submodule ha¨ing dimension 1.
If n is even and dim L s n2 y 1, the nonzero proper submodule is then
 .span of k q k q ??? qk , that is, the image of d b , b , . . . , b , where2 3 n n 1 2 n
n
Ãd b , b , . . . , b s k b , b , b , b , . . . , b , . . . , b , .  .n 1 2 n n 1 i 2 3 i n
is2
 .under the canonical epimorphism p : l H ª L .n n nny1
 .We now consider l H as a module where n is a fixed integer andnn
n G 3. In the same way we proceeded above, we see that the verbal
 .subgroup l H has dimension at most n as a vector space over F , sincen 2n
it can be spanned by the set
Ã <l b , b , b , . . . , b , . . . , b i s 1, 2, . . . , n . . 5i 1 2 i nn
 .  .We similarly obtain an action of GL n, 2 on l H by factoring thenn
 .action of Aut H through the homomorphism r : Aut H ª GL n, 2 . Inn n
this action, we see that
Ã Ãl b , b , b , . . . , b , . . . , b s s l b , b , b , . . . , b , . . . , b .  .i 1 2 i n p ip 1 2 ip nn n
by use of Lemma 2.3, while Lemma 2.7 yields
l b , b , . . . , b t s l b , b , b , . . . , b .  .1 2 n 1 2 3 nn n
q l b , b , b , . . . , b , .2 1 3 nn
Ã Ãl b , b , b , . . . , b , . . . , b t s l b , b , b , . . . , b , . . . , b , .  .i 1 2 i n i 1 2 i nn n
  .for i s 2, 3, . . . , n. Note here that we write the group operation in l Hnn
 . .additively since we are now viewing it as an F GL n, 2 -module. These2
 .equations show that the linear map from the natural module V to l Hnn
defined by
Ãe ¬ l b , b , b , . . . , b , . . . , b , for i s 1, 2, . . . , n , .i i 1 2 i nn
 .is a surjective F GL n, 2 -module homomorphism. Since V is an irre-2
 .ducible F GL n, 2 -module, we deduce the following result:2
 .  .PROPOSITION 3.5. Either l H s 0, or l H is an irreduciblen nn n
 .F GL n, 2 -module of dimension n.2
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4. CLASSIFICATION OF VERBAL SUBGROUPS
We begin this section by considering the verbal subgroups of H whichn
 .are contained in l H . Let V be such a subgroup. If V is contained innny1
 .l H , then, as it is invariant under all automorphisms of H , we can viewn nn
 .  .it as an F GL n, 2 -submodule of l H . Proposition 3.5 tells us that2 nn
 .either V is trivial or V s l H .nn
 .Now consider the case when V g l H . Throughout this section, wenn
 .shall write p for the canonical epimorphisms from l H to then nny1
 .  .quotient L . Then Vp s V l H rl H and that this can be viewed as an n n nn n
 .nonzero F GL n, 2 -submodule of L . Hence, by Proposition 3.4, either2 n
  . :Vp s L or Vp s d b , b , . . . , b p . Furthermore, this second casen n n n 1 2 n n
can only occur when n is even. Now if Vp s L , then Vp must containn n n
 .  .the element l b , b , . . . , b l H . It follows that V contains1 2 ny1 nny1 n
l b , b , . . . , b d .1 2 ny1ny1
 .for some d g l H . The endomorphism which mapsnn
b ¬ b , for i s 1, 2, . . . , n y 1, and b ¬ 1i i n
  . .sends d to the identity since l H s 1 by Lemma 2.6 while it fixesny1n
 .  .l b , b , . . . , b . Hence, V contains l b , b , . . . , b and it fol-1 2 ny1 1 2 ny1ny1 ny1
 .lows that V s l H .nny1
  . :It remains to deal with the case when Vp s d b , b , . . . , b p andn n 1 2 n n
 .n is even. Consider first the verbal subgroup d H . Using the results ofn n
 .Section 2 we can see that d H is generated by the elementsn n
 4  4d b , b , . . . , b where i , i , . . . , i s 1, 2, . . . , n . .n i i i 1 2 n1 2 n
 .   . :  .modulo l H . However, since d b , b , . . . , b p is an F GL n, 2 -n n 1 2 n n 2n
 .submodule of L , the element d b , b , . . . , b p is invariant undern n 1 2 n n
 4  .all permutations of b , b , . . . , b . Hence, we have d H p s1 2 n n n n
  . :  .d b , b , . . . , b p . We have now proved that Vp s d H p , that is,1 2 n n n n n n
 .  .  .V l H s d H l H .n n n nn n
 .   ..Let W be a set of words such that V s W H . Then W H rl Hn n nn
 .  .equals Vp and this contains d b , b , . . . , b l H . It follows thatn n 1 2 n nn
  .. w the verbal subgroup W H rl H contains d b , b , . . . ,nq1 nq1 n 1 2nq1
. x  .  .b , b l H . Now by the commutator identities 1.1 andn nq1 nq1nq1
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Corollary 2.5,
n
Ãd b , b , . . . , b , b s k b , b , b , b , . . . , b , . . . , b , b .  .n 1 2 n nq1 n 1 i 2 3 i n nq1
is2
n
Ãs k b , b , b , b , . . . , b , . . . , b , b . n 1 i 2 3 i n nq1
is2
n
Ãs k b , b , b , b , . . . , b , . . . , b , b . . nq1 1 i 2 3 i n nq1
is2
4.1 .
 .If this element is contained in l H , then we have a dependencenq1nq1
relation on the generating set for L constructed in Section 3 and wenq1
 .2see that dim L - n q 1 y 1. Since n q 1 is odd, we must havenq1
 .  .L s 0 in Proposition 3.4. Thus, l H s l H and we seenq1 nq1 nq1n nq1
 .  .that l b , b , . . . , b lies in l H . The endomorphism given by1 2 n nq1n nq1
b ¬ b , for i s 1, 2, . . . , n , b ¬ 1 4.2 .i i nq1
 .  .maps l H to the trivial subgroup but fixes l b , b , . . . , b . Hence,nq1 1 2 nnq1 n
 .  .  .l b , b , . . . , b s 1 and l H s 1 follows. Thus, trivially, l H F V.1 2 n n nn n n
 .On the other hand, if the element given in eq. 4.1 is not contained in
 .   ..  .l H , then W H rl H l L is a nonzero F GL n, 2 -nq1 nq1 nq1 nq1 2nq1 nq1
submodule of L . Proposition 3.4 tells us that it must equal L .nq1 nq1
 .  .  .Therefore l H F W H l H and applying the endomor-nq1 nq1 nq1n nq1
 .  .phism 4.2 gives l H F V.nn
 .  .It equally follows that d H G l H and therefore we deduce that inn n nn
  . :the case when Vp s d b , b , . . . , b p for even n, we must haven n 1 2 n n
 .V s d H . Hence, we have established the following result:n n
PROPOSITION 4.1. Let n G 3. If n is odd, then the ¨erbal subgroups of Hn
 .  .contained in l H are precisely the tri¨ ial subgroup, l H andn nny1 n
 .l H , and these form a chainnny1
1 F l H F l H . .  .n nn ny1
 .If n is e¨en, the ¨erbal subgroups of H contained in l H are preciselyn nny1
 .  .  .the tri¨ ial subgroup, l H , d H , and l H , and these form a chainn n n nn ny1
1 F l H F d H F l H . .  .  .n n n nn ny1
 .From this classification of verbal subgroups of H contained in l H ,n nny1
we now deduce a stronger result classifying the verbal subgroups of H ,`
the relatively free 4-Engel group of exponent 4 of countably infinite rank,
 .which are contained in l H .`3
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THEOREM 4.2. Let V be a nontri¨ ial ¨erbal subgroup of H which is`
 .  .  .contained in l H . Then either V s l H for some n or V s d H ,` ` n `3 n
where n is e¨en.
Proof. Let w be a nontrivial element of V. Then, as in the previous
section, we can write w as a product of elements of the form
l b , b , . . . , b and k b , b , . . . , b .  .i i i n i i in 1 2 n 1 2 n
for various n G 3 and sets of distinct indices i , i , . . . , i G 1. Let us1 2 n
consider such an expression for w and suppose that it involves as few
 .factors as possible. Let n be minimal such that either l b , b , . . . , b ori i in 1 2 n
 .k b , b , . . . , b occurs as a factor. We writen i i i1 2 n
w s c b , b , . . . , b c9 b , b , . . . , b , 4.3 .  . .i i i 1 2 r1 2 n
 .where c b , b , . . . , b is the product of the factors occuring which involvei i i1 2 n
 .b , b , . . . , b only and c9 b , b , . . . , b is the product of the remainingi i i 1 2 r1 2 n
 .values. Note that, by our choice of n, every factor of c b , b , . . . , b ini i i1 2 n
this expression is a value of l or k obtained by substituting in thenn
elements b , b , . . . , b in some order. Since we assumed our expressioni i i1 2 n
 .for w involved as few factors as possible, we must have c b , b , . . . , b /i i i1 2 n
1. We now apply the endomorphism of H defined by`
b ¬ b , for j s 1, 2, . . . , n ,i jj
b ¬ 1, for k / i , i , . . . , i .k 1 2 n
 .This maps w to the nonidentity element c b , b , . . . , b , which is a1 2 n
 .  . product of elements l b , b , . . . , b and k b , b , . . . , b where forj j j n j j jn 1 2 n 1 2 n
.  .both these values we have 1 F j , j , . . . , j F n . Thus, c b , b , . . . , b1 2 n 1 2 n
 .  .lies both in V and the verbal subgroup l H . Hence, V l l H is an nny1 ny1
 .nontrivial verbal subgroup of H contained in l H , so by Propositionn nny1
 .  .4.1 it contains l H . Therefore l b , b , . . . , b g V and we deducen 1 2 nn n
 .that l H F V.`m
 .Choose m to be minimal such that l H F V but suppose that V`m
 .does not equal l H . Let our element w above lie in the complement`m
 .  .  .V y l H and then the product c b , b , . . . , b in eq. 4.3 will have` i i im 1 2 n
 .  .been chosen so that c b , b , . . . , b f l H . Now from our observa-i i i `m1 2 n
 .  .  .tions above we have c b , b , . . . , b g l H and that l H F V.i i i ` `ny1 n1 2 n
 .Thus, minimality of m implies that m F n, while as c b , b , . . . , b fi i i1 2 n
 .l H we must therefore have m s n. We are now in the situation where`m
 .  .c b , b , . . . , b is a nonidentity element in V l l H but not in1 2 m mmy1
 .  .l H . Proposition 4.1 implies that m must be even and V l l H sm mm my1
 .  .d H , since by minimality of m, l H g V. Therefore,m m `my1
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 .  .d b , b , . . . , b g V and we deduce that d H F V. However, therem 1 2 m m `
 .can be no elements in V which are not in d H as these would give risem `
 .  .to elements in V l l H which do not lie in d H . Hence, V sm m mmy1
 .d H as required.m `
We know that there is a one]one inclusion-reversing correspondence
between varieties and verbal subgroups of the free group X of countably`
infinite rank. The above theorem classifies the verbal subgroups of X`
 4 w x 4 .which are contained in the verbal subgroup x , x, y, y, y, y , l X and`3
 4 w x4 .which strictly contain x , x, y, y, y, y X . Hence, we have established`
our main theorem:
THEOREM A. Any proper sub¨ariety of B l E which contains L is4 4 3
either equal to L for some n is equal to D for some e¨en n.n n
 .  .  .Proposition 4.1 implies that l H F d H F l H whenever n isnn ny1
even and H is a 4-Engel group of exponent 4. Hence, the varieties in
Theorem A form a chain
L : D : L : L : D : L : ???3 4 4 5 6 6
: L : D : L : L : ??? : B l E ; B 4.4 .ny1 n n nq1 4 4 4
 .where n is even .
We shall now extend Theorem A to a classification of all subvarieties of
B which contain L . Let V be such a subvariety and let V be the set of4 3
all words which define laws in V. Now by Theorem A, either V l E s4
B l E , or V l E s L for some integer n G 3, or V l E s D for4 4 4 n 4 n
some even integer n G 4.
Consider first the case when V l E s B l E . This condition then4 4 4
 .  .  .  .  .implies that V F e F s e F , where F s B `, 4 , that is, V F is a verbal
 .  .subgroup of F contained in e F . However, Theorem 1.2 says that e F is
 .a minimal verbal subgroup of F and therefore V F equals either 1 or
 .e F . This shows that either V s B or V s B l E in this case.4 4 4
Now consider the case when V l E s L . Let G be the relatively free4 3
 .group F V on three generators g , g , and g . As l s 1 is a law in3 1 2 3 3
 .V l E , we see that l g , g , g lies in the 4-Engel verbal subgroup4 1 2 33
 .  .e G of G. It is therefore a product of values of the form e g , g andi j
 .  .  .f g , g , g taken from the generating set 1.4 for e G . Furthermore, byi j k
the argument used in the proof of Lemma 1.4, each such value must
involve g , g , and g . Hence, one of four cases must occur:1 2 3
 .  .i l g , g , g s 1;1 2 33
 .  .  .ii l g , g , g s f g , g , g ;1 2 3 1 2 33
 .  .  .iii l g , g , g s f g , g , g ;1 2 3 2 1 33
 .  .  .  .iv l g , g , g s f g , g , g f g , g , g .1 2 3 1 2 3 2 1 33
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 .In case i , we see that l s 1 is a law in V. From the definition of l3 3
 .and the fact that B 2, 4 has nilpotency class 5, we have
w xl a, b , a s b , a, a, a, a .3
for any elements a and b in a group of exponent 4. It follows that the
4-Engel law is a consequence of the laws x 4 s 1 and l s 1. Thus,3
 .V : E and we deduce that V s V l E s L . If case ii holds, then4 4 3
applying the endomorphism of G given by
g ¬ g , g ¬ g , g ¬ g1 1 2 1 3 2
 .  .gives the equation l g , g , g s f g , g , g . But from the definition1 1 2 1 1 23
 .of l and the fact that B 2, 4 has nilpotency class 5, we see that3
 .  .  .l g , g , g s 1. Hence, from 1.9 , we have e g , g s 1. Thus, G is a1 1 2 2 13
4-Engel group. It follows that V : E , so that V s L . The same argu-4 3
 .  .ment applies in case iii . Finally, in case iv , calculating with a power-
 .commutator presentation for B 3, 4 shows that
l ab, b , c s l a, b , c l b , a, c .  .  .3 3 3
for all elements a, b, and c in a group of exponent 4. Hence, applying the
automorphism of G given by
g ¬ g g , g ¬ g , g ¬ g1 1 2 2 2 3 3
 .  .2  .  .gives the equation l g , g , g s f g , g , g , using eqs. 1.5 , 1.6 , and2 1 3 2 2 33
 .  .1.7 . Since e G is an elementary abelian 2-group, this gives the equation
 .  .l g , g , g s 1 and, as in case i , we also deduce that V s L .2 1 3 33
Ä 4Let L be the subvariety of B defined by the laws x s 1 and l s 1n 4 n
Ä Ä .where n G 4 . Then certainly L l E s L . We note that L / Ln 4 n n n
 .   ..since B 2, 4 has nilpotency class 5 so satisfies the law l s 1 by eq. 2.5 ,n
but is not 4-Engel. Suppose V is any variety satisfying V l E s L . If4 n
V : E , then we have V s L . Otherwise, we observe that, by Lemma4 n
 .  .  .1.4, l s 1 is a law in V. Hence l F F V F where F s B `, 4 and son n
by the modular law for groups
l F e F l V F s l F e F l V F . .  .  .  .  .  . .n n
 .  .  .But e F l V F is a verbal subgroup of F strictly contained in e F , so is
trivial by Theorem 1.2. Hence,
l F e F l V F s l F . .  .  .  .n n
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 .  .  .  .On the other hand, V l E s L , so V F e F s l F e F and4 n n
l F e F l V F s V F e F l V F s V F . .  .  .  .  .  .  .n
Ä .  .This gives V F s l F from which it follows that V s L .nn
ÄFor even n G 4, let D be the subvariety of B defined by the lawsn 4
4 Äx s 1 and d s 1, so that D l E s D . Applying the same argumentn n 4 n
as for the previous case shows that a subvariety V of B such that4
Ä  .V l E s D is equal to D or D . Now as B 2, 4 has nilpotency class4 n n n
5, we see that k s 1 is a law in this group for all m G 5. It follows thatm
Ä .B 2, 4 is a non-4-Engel group which lies in D whenever n G 6. Thus,n
ÄD / D for n G 6. On the other hand, calculating with a power-commu-n n
 .tator presentation for B 2, 4 shows that
w xd a, b , a, a s b , a, a, a, a .4
for all elements a and b in a group of exponent 4. Thus, the 4-Engel law is
a consequence of the laws x 4 s 1 and d s 1. Hence, we see that4
ÄD : E and therefore D s D .4 4 4 4
We have now established our extension of Theorem A:
THEOREM B. Let V be any sub¨ariety of B containing L . Then either4 3
 .i V is a 4-Engel ¨ariety and then V equals one of B l E , or L4 4 n
for some n G 3, of D for some e¨en n G 4n
or
Ä .ii V is not 4-Engel and then V equals one of B , or L for some4 n
Än G 4, or D for some e¨en n G 6.n
 .Since we have the chain 4.4 , applications of Lemma 1.4 show that the
Ä ÄL and D form the chainn n
Ä Ä Ä Ä Ä Ä Ä ÄL : D : L : L : D : L : ??? : L : D : L : L :3 4 4 5 6 6 ny1 n n nq1
??? : B 4
 .where n is even .
It follows that the lattice of subvarieties of B containing L is the4 3
image under a lattice homomorphism of the lattice with the diagram
shown in Fig. 1.
Finally, we consider the implications of Theorem A for the finite basis
problem for varieties of groups of exponent 4. The theorem establishes the
descending chain condition on subvarieties of B l E which contain L .4 4 3
A standard argument then shows that if there exists a subvariety of
B l E which is not finitely based then there is a subvariety of L which4 4 3
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FIG. 1. Preimage of the lattice of subvarieties of B which contain L .4 3
is not finitely based. Putting this together with Corollary 1.3 gives the
following result:
THEOREM C. If there exists a sub¨ariety of B which is not finitely based,4
then there is some sub¨ariety of L which is not finitely based.3
Thus, we have reduced the finite basis problem for varieties of groups of
exponent 4 to the search for a nonfinitely based subvariety of L and such3
a variety must necessarily be nonsoluble.
MARTYN QUICK370
5. FURTHER COMMENTS
It is natural to ask whether the varieties listed in Theorem A are
distinct. Suppose that we have L s L for some even n in the chainn nq1
 .4.4 . Then, by Lemma 2.6, the group H lies in L . Thus, l s 1 is a lawn n n
in H and therefore in every 4-Engel group of exponent 4. It follows thatn
L s B l E and hencen 4 4
L s L s D s L s L s D s L s ??? s B l E .n nq1 nq2 nq2 nq3 nq4 nq4 4 4
Now suppose that we have D s L for some even n. Then, by Lemman n
2.6, the law d s 1 holds in the relatively free group H . Nown nq1
d b ,b , . . . , b , b l H .  .n 1 2 n nq1 nq1nq1
n
Ãs k b , b , b , b , . . . , b , . . . , b , b l H . . nq1 1 i 2 3 i n nq1 nq1nq1 /is2
 .2and this must be zero in L . Hence we have dim L - n q 1 y 1nq1 nq1
 .in Proposition 3.4. This implies that L s 0 and thus l H snq1 nq1n
 .l H . We now deduce that l s 1 is a law in H and therefore innq1 nnq1 n
every 4-Engel group of exponent 4. It follows that L s B l E and thatn 4 4
D s L s L s D s L s ??? s B l E .n n nq1 nq2 nq2 4 4
 .Finally consider the situation when L s D , so that l H sny1 n ny1
 .d H for all 4-Engel groups H of exponent 4. It follows thatn
d H .n n  :L s s d b , b , . . . , b l H , .  .n n 1 2 n nnl H .nn
 .  .so Proposition 3.4 implies that L s 0. We now have l H s l Hn n nny1 n
and, as in the previous case, we deduce that l s 1 is a law in everyny1
4-Engel group of exponent 4 and that L s B l E . Thus, we haveny1 4 4
L s D s L s L s D s L s ??? s B l E .ny1 n n nq1 nq2 nq2 4 4
 .In summary, we see that once we have one equality in the chain 4.4 ,
then all the varieties from that point onwards are equal to B l E . To4 4
decide whether such a concurrence can occur appears to be still rather
difficult. We would need to establish, in general, whether or not l s 1 isn
a law in the relatively free group H .n
 .Using our power-commutator presentation for B 5, 4 , we can establish
 .that l s 1 is not a law in B 5, 4 . By Lemma 1.4 is not a law in H either.55
 .Thus, we see that the chain 4.4 does at least begin with strict inclusions:
L ; D ; L ; L ; D : L : ??? : B l E ; B .3 4 4 5 6 6 4 4 4
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